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For many years there has been intensive investigation of the genus Ni- 
cotiana designed to throw light upon origins and relationships of the 60 to 
70 species as well as having to do with the detection or improvement of spe- 
cies of economic importance. It is not surprising, then, that the announce- 
ment of the successful use of colchicine in doubling chromosome number 
should have prompted colchicine treatment of Nicotiana species and hy- 
brids, to various ends. 

First, the possibility of artificially inducing chromosome doubling is im- 
portant as bearing upon the hypothesis that the 24-paired species of Ni- 
cotiana are of amphidiploid origin involving progenitors of 12-paired spe- 
cies (cf. Goodspeed,'? Clausen*). Thus, the two species of commerce, 

N. Tabacum and N. rustica, are looked upon as having been derived from 
hybridization followed by chromosome doubling. In the origin of NV. rus- 
tica members of the ‘‘paniculata group’’t were involved—probably the 
progenitors of the modern species N. undulata and N. paniculata (Good- 
speed,! Kostoff, »* Goodspeed and Bradley’). Species of the “tomentosa 
group” and JN. sylvestris have undoubtedly entered into the amphidiploid 
origin of N. Tabacum (Goodspeed and Clausen,’ Kostoff,? Clausen,” 
Goodspeed,! Greenleaf,!! Goodspeed and Bradley’). In the origin of 24- 
paired N. Bigelovit, N. nudicaulis, N. repanda and N. nesophila species of 
the 12-paired “acuminata” and “alata groups,” certain of which may no 
longer exist, are thought to be involved. A new 24-paired species, N. 
Arentsti (Goodspeed*) has been shown to be a product of hybridization be- 
tween progenitors of NV. undulata and N. wigandioides followed by chromo- 
some doubling. This discovery of a native species of Nicotiana of demon- 
strated amphidiploid origin has importance in connection with the accu- 
mulated cytogenetic evidence indicating such origin in the case of N. Taba- 
cum and N. rustica. , 
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In the second place, colchicine-induced chromosome doubling of species 
and hybrids of Nicotiana holds out possibilities of economic importance. 
Thus, new races possessing desirable qualities of aroma or combustilibity, 
altered contents of nicotine, nicotinic acid and related substances (cf. 
Smith and Smith,’? Noguti, Oka and Otuka’’) or increased disease resist- 
ance (cf. Holmes'*) might be artificially produced via allo- or autopoly- 
ploidy. 

Among the previously reported Nicotiana amphidiploids obtained by 
colchicine treatment of F, hybrids are: Nicotiana excelsior X N. velutina 
(Kostoff'*), N. glutinosa X N. glauca (Smith"*), N. glutinosa X N. sylves- 
tris (Warmke and Blakeslee”), N. glutinosa X N. Tabacum (Mendes*), 
N. rustica X N. Tabacum (Smith!*), N. swaveolens X N. alata (Kostoff,*'), 
N. suaveolens X N. Sanderae (Kostoff*), N. Tabacum X N. glauca (Smith"*), 
N. Tabacum X N. glutinosa (Warmke and Blakeslee”), N. Tabacum X N. 
sylvestris (Bartolucci,"® Smith,'*) and N. alata X N. Sanderae (Kostoff!*). 
Colchicine-induced autotetraploids include: N. Sanderae (Warmke and 
Blakeslee,” Kostoff), N. glauca (Smith, Kostoff*). A number of these 
same F; hybrids and species have reacted similarly to colchicine in the work 
with this treatment that has been under way in the University of California 
Botanical Garden for a number of years and in which the following addi- 
tional allo- or autotetraploids have been obtained: N. maritima X 
N. plumbaginifolia, N. otophora XK N. Setchellii, N. paniculata X N. solant- 
folia, N. rustica X N. paniculata, N. Tabacum X N. otophora, N. Benthami- 
ana X N. Debneyi, N. maritima X N. velutina, N. velutina K N. suave- 
olens, N. velutina X N. rotundifolia, N. alata and N. paniculata. Viable 
seed has been obtained from all. Two additional polyploids, 4n N. Setchellit 
and N. ‘‘ditagla’” (an amphidiploid of Fi N. Tabacum X N. glauca) X N. 
sylvestris were induced, but the plants died before seed was procured. 

Types of Colchicine Treatment.—Initially, drops of 0.4% colchicine solu- 
tion were applied to the vegetative buds of a total of 17 plants of F; inter- 
specific hybrids of Nicotiana. A number of buds on each plant were 
treated twice every other day for from eight to ten days. Of the relatively 
few buds which survived the treatment, practically all gave rise to branches 
which showed the mixochimerical effects characteristic of tissues derived 
from colchicine-treated meristems. 

Five of the 17 plants produced branches which bore flowers with doubled 
chromosome numbers. In this and in all other cases pollen size and condi- 
tion were used as preliminary indication that such doubling had occurred. 
Chromosome counts and fertility confirmed such preliminary evidence. 
The successfully treated F; hybrids were N. Benthamiana X N. Debneyi, N. 
maritima X N. velutina, N. velutina X N. suaveolens, N. velutina X N. ro- 
tundifolia and N. paniculata X N. solanifolia. 
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Thirty-nine plants, most of them F, hybrids, were treated by the capil- 
lary string method with a 0.3 to 0.5% colchicine solution, the treatment last- 
ing from 2 to 5 days. Many buds were killed, particularly those subjected 
to a 0.5% solution for 5 days. Branches with doubled chromosome num- 
bers appeared on two plants. One of these, Fi; N. Tabacum X N. otophora, 
developed two tetraploid branches, followng 0.4% colchicine for 4 days 
and 0.5% for 3 days, respectively. On another, F, N. rustica X N. panicu- 
lata, a tetraploid branch arose from a bud treated with 0.5 colchicine for 
3 days. 


An emulsion containing 0.4% colchicine (cf. Warmke and Blakeslee!’) 
was applied to vegetative buds of fifty-five plants representing twenty-one 
populations of species and F; hybrids. Applications of the emulsion were 
made twice a week until the effects of colchicine became evident in the 
checking of growth and thickening of young leaves. Four plants—two of 
N. Sanderae and two of N. alata—have so far produced tetraploid branches. 


For the above series of colchicine treatments the results are not entirely 
reliable since treatment was in many instances applied when the plants 
were not in an actively growing condition or when environmental factors 
were more or less unfavorable for growth. The importance of optimum 
conditions for growth and of employing plants in early stages of maturity 
for success in inducing polyploidy is now well recognized. 


Two colchicine techniques were entirely unsuccessful—seed treatment 
and injections into stems near buds. Seeds of one species and of three F; 
hybrids were placed on filter paper saturated with 0.5% colchicine. Two 
lots were treated for 48 hours and two for 72 hours before the seeds were 
sown on soil. No germination occurred, although controls showed a high 
percentage germination. Injections just below and above buds of 21 
plants failed to induce chromosome doubling. Solutions of 0.4% colchi- 
cine, in some cases made up with 0.2% alkanol, were injected. Some buds 
failed to produce branches, probably as a result of mechanical injury. 


Maturing seed capsules of 11 species and F, hybrids were injected (cf. 
Nebel and Ruttle*) with a solution of one part 0.8% colchicine and one 
part 0.2% alkanol. The size of the capsules injected varied from those 
approximately half that attained at maturity to mature but still green ones. 
The treatment completely inhibited seed development in the youngest 
capsules and, in most cases, injected seed capsules either abscissed before 
maturity or contained only aborted seed. In two instances a little viable 
seed was obtained but the plants grown from it died in the seedling stage. 
A number of injected capsules on single plants of F, N. Benavidesii X N. 
solanifolia, F, N. otophora X N. Setchell and of N. otophora produced 
viable seed from which small populations were grown. In all three there 
were plants which grew and flowered normally and proved to be diploid 
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and others which developed so slowly that they did not flower before the 
end of the growing season. These results indicate the possible importance 
of further examination of the capsule injection technique. 

Treatment of seedlings gave more consistent and significant results than 
any other colchicine technique employed. Seeds were sown on moist 
filter paper. When germination had proceeded to the point that seed coats 
were being shed (an over-all length of 0.5-1.0 cm.), the seed was transferred 
to filter paper saturated with 0.5% colchicine solution. They remained in 
contact with this solution for periods of two, three, four and five days. Of 
a total of approximately 250 seedlings of seven F, hybrids and ten species 
that were treated, 23% survived to maturity and of this number 5% 
showed complete or partial chromosome doubling. Five-day treatment of 
a total of 52 seedlings of three F, hybrids and one species gave only 4 ma- 
ture plants, all of F, N. rustica X N. paniculata. One of these plants con- 
tained a 4m sector. Three- and four-day treatment proved to be most ef- 
fective and in every case where mature plants were produced one or more of 
them showed complete chromosome doubling or 4u sectors. Following two- 
day treatment two species, N. Seichellii and N. paniculata, gave mature 
plants showing induced polyploidy. In the case of the species, the seed- 
lings of which were treated, a considerable difference in susceptibility to the 
injurious effects of colchicine was indicated by the distinctions in survival 
following a given treatment. 

For bud treatment it was clear that, as already noted, plants in anything 
but a condition of active growth are unfavorable subjects. Prolonged 
treatment and low concentrations of colchicine are necessary in the case of 
semi-dormant plants. Since, however, the toxic effects of colchicine are 
doubtless slowly dissipated when growth is slow, such dosages are difficult 
to regulate and may become too drastic with consequent death of treated 
meristems. In Nicotiana, treatment of a few lateral buds and elimination 
of all others does not appear to encourage the growth of treated buds since 
adventitious buds near the eliminated ones are at once stimulated to 
growth. Severe topping followed by treatment of all remaining buds has 
proved to be the most favorable technique. The number and hairiness of 
foliage leaf primordia obviously affect rate and degree of penetration into 
bud meristems of colchicine solution applied by the drop or capillary string 
methods. These methods were largely unsuccessful except with species 
and F; hybrids of the ‘‘suaveolens group” and of certain members of the 
“paniculata group’’ where, probably, the number of leaf primordia and 
certainly the density of the indument is reduced as contrasted with most of 
the species of other genetic groups that were treated. 

Dosages in seedling treatment of Nicotiana species should be based upon 
the differential susceptibility of various species to the toxic effects of col- 
chicine. Such differences are, apparently, both inherent and also related 
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‘to the readiness with which untreated seedlings can be reared to maturity. 
Colchicine concentrations of less than 0.5% in contact with seedlings for 
longer periods than those employed by us may give a higher percentage of 
survival and greater incidence of polyploidy than reported above. How- 
ever, heavy dosage followed by a low survival rate and a fair proportion 
of successful treatments reduces time and expense in carrying on such 
investigations. 

Complete cytogenetic analysis of C, and later generations of colchicine 
induced auto- and allotetraploidy will be made only when such evidence 
contributes to other types of investigations in progress. Certain informa- 
tion is, however, in hand. Thus, the induced autotetraploids of species 
show the anticipated coarsening of general habit, increase in size and thick- 
ness of leaves and flowers and decreased rates of development. A 4m plant 
of N. glauca exhibited those tetraploid characteristics but was otherwise 
normal in external morphology and growth reaction. Like those of the 
other induced autotetraploids, its PMC meioses exhibited a certain degree 
of multivalent formation. However, in the next generation (C;) develop- 
mental abnormalities uniformly occurred. On young plants the leaves 
were extremely thick and leathery while the terminal shoot and laterals 
showed a tendency toward fasciation and bore slender to ribbon-like, dis- 
torted leaves. Gradually these abnormalities were outgrown but up to the 
end of the season no flowers were produced. Genic effects noted in F; 
interspecific hybrids involving certain races of N. glauca and resulting in 
developmental abnormalities were probably operative in this instance also. 

In the case of F; hybrids in which chromosome doubling was induced the 
cytogenetics of the original amphidiploid determined the C; and C; condi- 
tions observed. For example, N. paniculata (n = 12) and N. solanifolia 
(n = 12) have fundamentally the same genic constitution as indicated by an 
average of 11.8 pairs per PMC in the F; hybrid between them. This hy- 
brid in the doubled condition shows from 2 to 7 multivalent configurations 
and one or more univalents per PMC. In a population of 30 C; plants 
habit and leaf characters were practically uniform in expression but rate of 
growth and a number of floral characters showed considerable segregation. 
In C2 segregation corresponding in nature to that of C; occurred. The 
segregating characters were those on the basis of which the parental 
species are distinguished taxonomically and the substitution or elimination, 
following multivalent and univalent distribution, of chromosomes bearing 
gene complexes of which these characters are a reflection would produce 
the variability observed in C, and C». 

By contrast, N. maritima (n = 16) and N. plumbaginifolia (n = 10) are 
widely separated in genic constitution. In the amphidiploid of their F, 
hybrid only bivalents appeared in PMC and correspondingly the C; popu- 
lation was uniform in morphological characters. 
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Finally, there were such F; hybrids as N. rustica (n = 24) X N. panicu- 
lata (n = 12) nm and N. Tabacum (n = 24) X N. otophora (n = 12) in 
which Drosera scheme chromosome behavior occurs. The original amphi- 
diploid of the former hybrid exhibited multivalent formation as a result 
of allo- and autosyndesis and irregularities in chromosome distribution 
followed by formation of micronuclei and microcytes at the quartet stage. 
Although, doubtless, many products of such meioses are inviable, certain 
gametes with slightly deficient chromosome numbers or with extra 
chromosomes should be viable. That this is the case was indicated by 
the considerable amount of segregation in many plant characters in a C; 
population of 40 plants. Probably this colchicine induced amphidiploid is 
comparable to that of Lammerts?!”* in which he found that dissociation 
of quadrivalents was not strictly preferential and that complete substitution 
is possible, in some quadrivalents at least. Since Lammerts produced 
some stable 72 chromosome derivatives, selfing of the colchicine induced 
rustica-paniculata amphidiploid and its progenies should likewise yield stable 
lines. A C, population of 25 plants of F,; N. Tabacum X N. otophora 
showed a variability comparable to that of the hybrid just referred to, 
along with a comparable meiotic condition in the original amphidiploid 
plant. 

The results above listed emphasize the comparative readiness with which 
auto- and allopolyploidy may be induced in Nicotiana. Reference has 
above been made to the application of natural and induced polyploidy in 
tobacco breeding and in the interpretation of species origins and relation- 
ships. In this latter connection the cytogenetic significance of polyploidy 
in the genus Nicotiana has also been discussed by Clausen.* 

We are indebted to P. C. Burrell for assistance in the colchicine investi- 
gations. 

(Since the above was written vegetative buds of 16 plants of F, N. syl- 
vestris X N. otophora have been treated with a 0.4% solution of sanguina- 
rine sulfate. Little,?* using sanguinarine hydrochloride, produced tetra- 
ploidy in Antirrhinum majus. Although amphidiploidy in F; NV. sylvestris X 
N. otophora has not as yet been induced, shoots from the injected buds 
show abnormalities in development equivalent to those following colchicine 
treatment. Probably, therefore, either salt of sanguinarine properly ap- 
plied will induce chromosome doubling.) 

* Contribution No. 111 from the University of California Botanical Garden. 

t The nature and significance of the genetic group concept are referred to elsewhere 
(Goodspeed 34). 

1 Goodspeed, T. H., Univ. Calif. Publ. Bot., 17, 369-398 (1934). 

2 Goodspeed, T. H., (in press) Proc. Calif. Acad. Sci.. 

3 Clausen, R. E., Biol. Symposia, 4, 95-113 (1941). 

4 Goodspeed, T. H., Proc. 8th Am. Sci. Cong., Biol. Sci., 3, 231-238 (1940). 

5 Kostoff, D., Dok. Akad. Nauk. S. S. S. R., 1, 653-657 (1935). 
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CHROMOSOMAL ABERRATIONS IN BRAZILIAN DROSOPHILA 
ANANASSAE 


By Tu. DoBzHANSKY* AND ANDRE DREYFUS 
CoLumBIA UNIVERSITY, NEw York, AND UNIVERSITY OF SAO PavLo, BRaAzIL 
Communicated September 27, 1943 


Drosophila ananassae de Meijere is a species common in or close to human 
habitations in the tropical and subtropical parts of the world. Most of its 
relatives are confined to eastern and southern Asia. It seems reasonable to 
suppose that D. ananassae is also a native of these lands; its presence else- 
where, particularly in the Americas, is due to introduction by man. A 
study of the chromosomal variability confirms this conjecture. As shown 
below, Brazilian populations contain mostly the same chromosome variants 
which occur in southeastern United States and in eastern Asia. Such a 
uniformity of intraspecific chromosome variants could hardly occur if the 
present wide distribution of the species would be entirely a “natural” one. 
In one of the Brazilian populations we have, however, established the pres- 
ence of translocation heterozygotes. While inversions occur in most species 
of Drosophila, this is the first instance of a translocation being found in a 
population of Drosophila outside genetic laboratories. 

We have received population samples of D. ananassae from Bello Hori- 
zonte (state of Minas Gerais) collected by Mr. José Pellegrino, from Rio de 
Janeiro collected by Professor Hugo Souza Lopes, from Mogi das Cruzes 
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collected by Mr. C. Pavan, from Santos and Sado Vicente collected by Mr. 
Aylthon Joly, and from Itanhaem collected by Mr. Edmundo Nonato; 
the last four localities are in the state of Sao Paulo. D. ananassae has four 
pairs of V-shaped chromosomes at metaphase, represented in the salivary 
gland chromosomes by four long (autosomal), two shorter (X-chromosome), 
and one very short (autosomal) chromosome strands. A study of the sali- 
vary gland chromosomes of the offspring of females collected outdoors 
showed that only about 7 per cent of the individuals (8 out of 118) are free 
of inversions, while the remainder are heterozygous for from one to four 
inversions. The commonest inversion is the subterminal one in the left 


TL TL 








FIGURE 1 

A, a translocation between the left limbs of the second and the third chromosomes. 
Note a deficiency of the terminal disc on one side in the tip of II ZL. B, subterminal 
inversion in II L. C, apparently terminal inversion in III L. D, basal and median 
inversions in III R. The scale represents 50 micra. 


limb of the second chromosome (II Z) shown in figure 1, B; about one-half 
of individuals in all the localities are heterozygotes for the inversion. The 
next commonest is the apparently terminal inversion in the left limb of the 
third chromosome (III L) shown in figure 1, C; about 40 per cent of the 
flies in all the localities are heterozygotes for this inversion. The small in- 
version in the basal part of the right limb of the third chromosome (III R 
basal, Fig. 1, D) was also found in all localities, but only about 30 per cent 
of the flies are heterozygotes. A small inversion in the middle part of the 
right limb of the third chromosome (III R median, Fig. 1, D) occurred in 
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three individuals from Bello Horizonte. Finally, an inversion in the mid- 
dle portion of the right limb of the second chromosome (II R, figured by 
Kikkawa! on his plate I J) occurred in several individuals from Mogi das 
Cruzes, Rio de Janeiro, Santos and Sado Vicente. Kaufmann? found in 
Alabama populations the inversions II Z, III LZ, II R and III R basal. 
Kikkawa' found in populations of several localities in Japan and in Shang- 
hai, China, the inversions recorded by Kaufmann in Alabama, plus a small 
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FIGURE 2 


In the center, an outline drawing of the configuration resulting from a combination 
of the translocation and two inversions in the left limbs of the second (II Z) and the 
third (III ZL) chromosomes; II R and III R, respectively, the right limbs of the second 
and the third chromosomes; X, X-chromosome; nu, nucleolus; the chromocenter is 
shown as a body with a reticulate structure; the magnification is indicated by the scale 
on the right representing 50 micra. The drawings above and below the outline show 
details of the structure of the critical portions as seen in other cells; the scale on the 
left represents 30 micra and is applicable to the detailed drawings. 


inversion in II L in a single strain from Taihoku recorded neither by Kauf- 
mann nor by ourselves. Our III R median inversion from Bello Horizonte 
is, thus, the only not previously known one. The translocation between the 
third and the fourth chromosomes described by Kikkawa! is a laboratory 
product. 

In a strain coming from one of the seven females collected at Mogi das 
Cruzes, there occurred the highly complex chromosome configuration rep- 
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resented in outline in figure 2. The left limbs of the second and third 
chromosomes are, in this configuration, taking part in the formation of two 
closed rings; the right limbs of the second and the third, and the X and 
fourth chromosomes are normal. A careful examination of the disc pat- 
terns in the critical regions of the chromosomes in the configuration just 
referred to (see the drawings in Fig. 2 showing the disc patterns; these 
drawings have been made from several cells, at a magnification higher than 
the outline in the central part of this figure) has led to the conclusion that a 
reciprocal translocation between the left limbs of the second and third 
chromosomes as well as the II LZ and III L inversions are involved. An in- 
terpretation of the configuration of figure 2 is shown schematically in figure 
3. In this latter figure the normal left limb of the second chromosome is 
shown dotted; the normal left limb of the third chromosome black; the 
left limbs of the second and third chromosomes involved in the transloca- 
tion white and cross-hatched, respectively. The base and a part of the 
inverted portion of the second chromosome (white) has acquired most of 
the inverted terminal portion of the third chromosome (cross-hatched) ; 
the base of the third chromosome (cross-hatched) has acquired part of the 
inverted portion and the uninverted tip (white) of the second chromosome. 

Chromosomes with and without the II LZ and III L inversions are both 
found in the populations studied by us. Therefore, if the interpretation 
given to the configuration shown in figure 2 is correct, we should be able to 
find much simpler configurations showing the translocation with only II L, 
or only III L inversion, or without either inversion. The characteristics of 
these configurations are predictable, and they have indeed been found in 
the salivary glands of other larvae from the same culture which showed the 
configurations of figures 2 and 3, as well as in another culture obtained from 
a female caught at Mogi das Cruzes. Figure 1, A shows the translocation 
configuration without the complicating inversions. This is a typical cross- 
shaped configuration observed in translocation heterozygotes. 

It appears, then, that two of the seven females collected at Mogi das 
Cruzes were either translocation heterozygotes or have mated with trans- 
location males. Unfortunately, the translocation stock has been lost be- 
fore the viability of the translocation homozygotes and related problems 
could be studied; new population samples from the same locality have as 
yet not been obtained. Since translocation heterozygotes in Drosophila 
usually have a fertility below that of homozygotes, translocations are not 
expected to be retained in natural populations, and the case just described 
is so far the only one on record. 

Other ‘forbidden’ classes of chromosome changes are terminal de- 
ficiencies, duplications and inversions. The terminal chromomere (‘‘telo- 
mere’’) is supposed to be a structural element without which a chromosome 
cannot exist, and which cannot be replaced by a chromomere usually oc- 
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cupying an interstitial position. The III LZ inversion has been described 
by Kaufmann? as a terminal one, and we can confirm that it is visibly so. 
Kikkawa!' described variations in the structure of the free ends of the 
second and third chromosomes in D. ananassae which appear as deficiencies 
of a single or a few terminal discs (or as additions of new discs not present 
in that location in other strains). We find in Brazilian populations varia- 
tions apparently identical with those described by Kikkawa. An instance 
of a heterozygous deficiency for a terminal disc in the left limb of the second 
chromosome is shown in figure 1, A. The nature of these terminal deficien- 
cies (or duplications) is unclear, but in any case they have nothing to do with 
the ‘‘pseudotranslocations’”’ allegedly found by Goldschmidt*® in D. 
melanogaster. Analogous variations have been found by Metz‘ in species of 
Sciara. If the free ends of chromosomes are heterochromatic, we may be 
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; FIGURE 3 

A scheme of the configuration shown in figure 2. The left limbs of the second and 

third chromosomes not involved in the translocations are shown white and black, 
respectively; those suffering translocation, dotted and cross-hatched, respectively. 


dealing with real deficencies of elements that are no longer essential con- 
stituents of the germ plasm. Or else, these may be cytological visible re- 
sults of changes of the type of gene mutations. Such changes are, as well 
known, not usually reflected in the appearance of the chromosomes, but 
cytologically visible effects of gene mutations are theoretically not ex- 
cluded. In any case, these variations seem to be terminal, although, of 
course, we cannot exclude the existence of an invisible telomere persisting 
at the end of the chromosome despite the visible variations. 


* Visiting Professor at the University of Sdo Paulo, working under the auspices of the 
Committee for InterAmerican Artistic and Intellectual Relations. 

1 Kikkawa, H., Genetica, 20, 458-516 (1938). 

2 Kaufmann, B. P., Proc. Nat. Acad. Sci., 22, 591-594 (1936). 

3 Goldschmidt, R., Genetics, 28 (1948). 

4 Metz, C. W., Carnegie Inst. Washington Publ., 501, 275-294 (1938). 
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A NEW METHOD FOR HYBRIDIZING YEAST 
By Cart C. LINDEGREN and GERTRUDE LINDEGREN* 
THe HENRY SHAW SCHOOL OF BOTANY, WASHINGTON UNIVERSITY, St. Louis 


Communicated September 138, 1943 


Winge and Laustsen! hybridized yeasts by placing a haploid ascospore 
from one strain in close proximity to an ascospore of a second strain by use 
of the micromanipulator. When all conditions are favorable, the two 
spores fuse to produce a diploid hybrid ceil. We? have used this method 
extensively, and have found that copulation usually fails (1) if the two 
spores are of the same mating type, (2) if either of the spores germinates 
directly into a diploid cell (this happens rather frequently, especially in 
vigorous strains), (3) if either spore is inviable (viability is generally about 
50 to 75 per cent). These facts mean that relatively few hybrids are ob- 
tained by ascospore to ascospore matings. The method has the further 
disadvantage that the characteristics of the parents cannot be determined, 
since the single haploid spore used as a parent is consumed in the mating 
process. This is particularly important in the yeasts which are extremely 
heterozygous. 

We have developed a new procedure based on the fact that some single 
ascospores from Saccharomyces cerevisiae produce persistently haploid 
cultures. It is possible to hybridize these with other similarly derived 
persistently haploid cultures simply by mixing the cells together in an 
appropriate medium. These mixtures result in copulation if each culture 
is paired with a complementary type. One test tube can be used for 
large number of matings. This experiment has given further support to 
our proposed scheme of alleles controlling copulation in S. cerevisiae and 
other indications prove that a simple allellism obtains. Morphology and: 
biochemical characteristics can be studied previous to matings, and matings 
made between complementary types result in copulation tubes and diploid 
zygotes. 

The four spores from one single ascus all produced persistently haplo- 
phase cultures. The four single spores were designated, A, B, C and D, 
and the haplophase cultures were paired in all combinations. A and D 
were found to belong to the same mating type, while B and C belonged 


DESCRIPTION OF FIGURE 1 


The four stable haplophase single ascospore cultures derived from a single ascus of Sac- 
charomyces cerevisae (A, B, C and D) and the results of pairing these cultures in all 
possible combinations. A X D and B X C pairings do not result in copulations. The A X 
B pairing results in copulation, and the zygotes are much larger than the cells found 
in either A or B alone, suggesting that the hybrid is more vigorous than either parent. 
The same increase in size is observed in the C X D, A X Cand B X D pairings. 
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to the complementary type. Copulation tubes and zygotes were produced 
when A and B, A and C, B and D, and C and D were paired. These results 
are shown in figure 1. When transferred to gypsum,* the diploid cells 
produced 4-spored asci, while the A and D, B and C combinations failed. 
No spores were obtained from any of the unmated single ascospore cultures. 

We have already confirmed the views of Winge* and Satava® that the 
round-celled members of the genus Torula are imperfect forms derived 
from the genus Saccharomyces. In the present experiment these Torulae 
when properly paired produced copulation tubes according to the pattern 
of the genus Zygosaccharomyces, indicating that it is also identical to 
Saccharomyces. 

* This work was supported by a grant from Annheuser-Busch, Inc., St. Louis. 

1 Winge, O., and Laustsen, O., Compt. rend. travaux lab. Carlsberg, série physiologique, 
22, 337 (1929). 

2 Lindegren, C. C., and Lindegren, G., Jour. Bact. (in press) (1948). 

3 Lindegren, C. C., and Lindegren, G., Bot. Gaz. (in press) (1943). 

4 Winge, O., Compt. rend. travaux lab. Carlsberg, série physiologique, 21, 77 (1935). 

5 Satava, J., IJJ° Congres international technique et chimique des industries agricoles, 
Paris, 1934. 


SPECIAL INVARIANT SUBGROUPS 
By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLiNOIS 
Communicated September 30, 1943 


The concept of invariant subgroup but not the name thereof was intro- 
duced by E. Galois, who considered the subgroups which have the property 
that when in a finite group G all the elements of the given group are ar- 
ranged in the form of a rectangle with respect to the subgroup H as the 
first row, then all the co-sets, or rows, thus obtained are the same inde- 
pendently of whether these elements are arranged in the form of right co- 
sets or in the form of left co-sets with respect to H. If all these co-sets are 
the same in these two arrangements then H is now commonly called an 
invariant subgroup of G, but if not all of them are the same then H is called 
a non-invariant subgroup of G. E. Galois did not give a special name to 
these subgroups but he spoke of the decomposition of G with respect to 
such subgroups and it is on this account that the concept of invariant sub- 
group is now credited to him. 

A considerable number of other terms have been used instead of the term 
invariant subgroup. Among these are the terms self-conjugate subgroup 
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and normal subgroup. The term invariant subgroup was used by the Nor- 
wegian mathematician S. Lie in 1878 and was later rapidly adopted by other 
writers on group theory on account of the great influence of the writings of 
S. Lie on the early development of group theory and its wide applications. 
Although the concept of invariant proper subgroup is very useful it should 
be noted that it does not apply to the important category of groups known 
as simple groups of composite order which are of fundamental importance 
in the theory of the solutions of algebraic equations and involve the 
greatest difficulties of group theory. 

The most important special type of invariant subgroups is known as 
characteristic subgroups. In this case both the concept and the name are 
due to the same writer, viz., G. Frobenius, who introduced this term in 
1895 and who used the concept extensively in his later writings on group 
theory. This subgroup is invariant in the holomorph of the group and 
corresponds to itself in every automorphism of the group. While the 
term invariant subgroup relates to the behavior of a subgroup with re- 
spect to the operators of the group itself the term characteristic subgroup 
relates to the behavior of a subgroup with respect to operators which are 
not in the group but which transform the group into itself. A necessary 
and sufficient condition that a subgroup ‘is a characteristic subgroup is 
that it is transformed into itself by every operator which transforms the 
group into itself. 

We proceed to consider the category of groups which separately satisfy 
the condition that they contain at least one invariant proper subgroup 
without also containing at least one characteristic proper subgroup. We 
shall first prove that such a group G cannot be non-abelian. It is well 
known that the non-abelian groups whose orders are divisible by two and 
only two prime numbers separately contain a characteristic subgroup 
whose order is one of these numbers. We may therefore assume that there 
is no non-abelian group whose order is divisible by a smaller number of 
prime numbers than the order of G but which has the property that it con- 
tains an invariant proper subgroup but no characteristic proper subgroup. 
If H is an invariant proper subgroup of G then the quotient group of G with 
respect to H must be an abelian group since it contains at least one invariant 
proper subgroup because G contains more than one invariant proper sub- 
group which is simply isomorphic with H because H is not a characteristic 
subgroup. The quotient group of G with respect to H must therefore be an 
abelian group of order p” and of type 1”, p being a prime number. 

The order of the given G could not be a power of p since otherwise the 
central of G would be a characteristic proper subgroup of G. Since the 
quotient group of G with respect to H is of order p” and G contains at least 
one invariant subgroup which is similar to H it results that the operators 
of H whose orders are prime to p generate a proper subgroup of H which is 
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the cross-cut of H and another invariant subgroup of G. This cross-cut 
could not be a characteristic subgroup of G since it was assumed that G 
does not contain such a subgroup. We have therefore arrived at con- 
tradiction by assuming that G is non-abelian, and when G is abelian and has 
the property that it contains at least one invariant proper subgroup but no 
characteristic proper subgroup it is obviously the abelian group of order p” 
and of type 1". That is, when a group contains an invariant proper sub- 
group but no characteristic proper subgroup it is the abelian group of order p™ 
and of type 1", p being a prime number. 

A useful illustration of the concept of characteristic subgroups is fur- 
nished by the dihedral groups. If the order of such a group is twice an odd 
number then every proper subgroup of the cyclic subgroup of index 2 of 
this dihedral group is a characteristic subgroup of the group and these sub- 
groups are also the only invariant subgroups of the group. On the other 
hand, the dihedral group whose order is divisible by 4 and exceeds 4 con- 
tains also as characteristic proper subgroups all the proper subgroups of its 
cyclic subgroup of index 2. In this case there are, however, two additional 
invariant subgroups in the group which are not also characteristic sub- 
groups of the group. These two subgroups are simply isomorphic because 
they are dihedral and of the same order, each having an order which is one- 
half the order of the group. They can be made to correspond in a simple 
isomorphism of the group with itself because their operators of order 2 
which are not contained in the cyclic characteristic subgroup of index 2 
transform the operators of this subgroup in the same way. 

Three special types of characteristic subgroups which have received con- 
siderable attention are the commutator subgroups, the central subgroups 
and the norms, or character subgroups. The first of these correspond to the 
identity in the largest abelian quotient group, the second correspond to the 
group of inner isomorphisms of the group and are composed of all the opera- 
tors of the group which transform into itself every operator of the group, 
while the third are composed of all the operators of the group which trans- 
form into itself every subgroup of the group. The norm clearly always in- 
cludes the central of the group but it may also contain other operators of 
the group. In the case of the quaternion group, for instance, the norm is 
the entire group, while the central is the subgroup of order 2 contained 
therein. In the group of the square, or the octic group, the norm and the 
central are the same subgroup. 

Just as the concept of invariant subgroup was introduced before the term 
invariant subgroup was used, so the concept of commutator subgroup was 
introduced before the term commutator was used. According to E. Vessiot 
the present writer gave effectively the present common name to this con- 
cept! but it should be noted that the term commutator was used earlier by 
R. Dedekind. The concept of the commutator of two elements of a group 
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had been used earlier by C. Jordan and A. Bochert in the theory of finite 
groups while S. Lie had made much use of it in the theory of continuous 
groups and suggested its usefulness in the theory of finite groups. The 
concept of commutator is much older than that of commutator subgroup. 
The main properties of the commutator subgroup were first published in 
the Quarterly Journal of Mathematics, 28, 266 (1896), by the present writer 
and have since then been widely used. 

The history of the special invariant subgroups has been obscured by 
some statements in an article which appeared in volume 1 of the Compositio 
Mathematica, 1935. page 254 of this volume it is asserted that essen- 
tially two types of invariant subgroups of an arbitrary group are known, 
viz., the commutator subgroups and the centrals. It should be noted that 
both of these two types of subgroups are special cases of the invariant sub- 
groups known as characteristic subgroups but that a group may have more 
than one such invariant subgroup and that these invariant subgroups had 
received their now common name in the group theory literature before the 
commutator subgroups or the centrals had been thus named. The ¢- 
subgroup should also have been noted here. The concept of norm is ob- 
viously very closely related to that of central and was introduced by R. 
Baer under the name of Kern in the article cited above. The term norm? 
was used for this concept by the same writer in the American Journal of 
Mathematics, 61, 700 (1939). It is too early to predict whether it will be 
widely used by others. 


1 Vessiot, E., Bulletin des Sciences Mathématiques, 60, 257 (1936). 
2 This term was used with a different meaning in group theory by R. Dedikind in 
Math. Annalen, 48, 348 (1897). 


SUBGROUPS TRANSFORMED ACCORDING TO A GROUP OF 
PRIME ORDER 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 
Communicated August 21, 1943 


A necessary and sufficient condition that all the non-invariant sub- 
groups of a given group G are transformed under G according to a group of 
prime order is that the norm or character subgroup of G is of prime 
index under G. When this index is 2 the character subgroup of G is 
known to be abelian! but when it exceeds 2 the character subgroup of G 
is either abelian or hamiltonian. In the former case the character sub- 
group of G is an arbitrary abelian group which involves at least two in- 
dependent generators whose orders are powers of 2, such that at least one 
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of them has an order which is at least as large as 4, and G is the direct 
product of a non-abelian group whose order is a power of 2 and an arbitrary 
abelian group whose order is odd. Hence this case is practically reduced 
to the study of a special class of non-abelian groups of order 2” which 
separately contain an abelian subgroup of index 2. 

While all the non-invariant subgroups of each group in this special 
class are transformed under the group according to a permutation group of 
order 2, and there is an infinite number of distinct groups which corresponds 
to an arbitrary such given group of transformations of the non-invariant 
subgroups contained in G, the determination of all such possible groups 
requires detailed considerations which may not be of great interest. The 
special cases when this permutation group is of degree 2 or 4 have been 
considered and are obviously the simplest. The consideration of the 
permutation group of the transformations of all the non-invariant sub- 
groups of G when these subgroups are transformed successively by all the 
different operators of G may serve as a convenient method of classifying 
all these groups. 

When the character subgroup of G is of odd prime index under G the 
order of this subgroup must be divisible by the square of this odd prime 
number p instead of by its cube, which is the case when p = 2, as noted 
above. Since a hamiltonian, as well as an abelian group, is the direct 
product of its Sylow subgroups and every operator of G which is not con- 
tained in the character subgroup of G generates an invariant cyclic sub- 
group, it results directly that when this character subgroup is of index p 
under G the commutator subgroup of G must have an order which is equal 
to this prime number. Hence G must be the direct product of its Sylow 
subgroups when ? is odd as well as when the index of its character sub- 
group is equal to 2. While in the latter case only one of these Sylow sub- 
groups can be non-abelian, two of them may be non-abelian in the former 
case. When two of these Sylow subgroups whose direct product is equal 
to G are non-abelian each of them has a commutator subgroup of prime 
order. 

From the preceding paragraph it follows that when the character sub- 
group of G is of prime index the determination of G is practically reduced 
to the determination of G when its order is the power of a prime number. 
In all of these cases all the non-invariant subgroups of G are transformed 
under G according to a permutation group whose order is equal to the index 
of this character subgroup under G and it is possible to construct G in such 
a way that the degree of this permutation group is an arbitrary multiple 
of its order. The simplest case presents itself when this permutation 
group is regular and hence G is conformal to the direct product of a cyclic 
group whose order is a power of a prime number and the group whose 
order is this prime number, according to a known theorem. 
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The group of lowest order which has a character subgroup of index 2 
under the group is the group of order 16 which is obtained by extending 
the cyclic group of order 8 by an operator of order 2, which transforms into 
its fifth power every operator of this cyclic group, and there is only one 
group of order 16 which satisfies the condition that its character subgroup 
is of index 2 under the group. This results directly from the facts that 
such a group contains an abelian subgroup of index 2 and that each of its 
remaining operators generates an invariant subgroup which involves the 
commutator subgroup of order 2 of the group but does not transform into 
itself every subgroup of the group. The group of lowest order which has a 
character subgroup of odd prime index under the group is the non-abelian 
group of order p* which involves operators of order p*. There is obviously 
only one such group of order p’. 

The preceding paragraph may serve to illustrate the following general 
theorem relating to the character subgroups of a given group G. [Jf the 
character subgroup of the group G is of prime index under G then the order of each 
of the operators of G which does not appear in its character subgroup 1s divisible 
by a higher power of this prime number than that of any of the operators of the 
character subgroup of G. A proof of this theorem follows almost directly 
from the facts that the commutator subgroup of G is of prime order and 
that each of the operators of G which is not contained in the character 
subgroup of G generates an invariant subgroup of G. At least one of the 
operators of G which does not appear in the character subgroup of G has an 
order which is a power of the prime number which is the index of the char- 
acter subgroup of G since this subgroup is an invariant subgroup of G. 
Moreover, every operator of G which does not appear in the character 
subgroup of G is divisible by the same highest power of the prime index of 
the character subgroup of G. 

It should be noted that while a group may have many invariant sub- 
groups it can have only one character subgroup. In view of the simple 
definition of the character subgroup and its usefulness in the study of cer- 
tain groups, the question naturally arises why this subgroup did not re- 
ceive a special name in the early development of group theory. This 
seems to be at least partly due to the fact that the early development of 
group theory was largely inspired by the usefulness of this subject in the 
theory of the solution of algebraic equations and in this theory the simple 
groups play a fundamental réle. The character subgroup of a simple 
group of composite order is obviously the identity and hence character 
subgroups do not play an important role in the theory of simple groups 
of composite orders. Moreover, the character subgroups do not play a 
fundamental réle in the study of the permutation groups of low degrees 
which received special attention in the early developments of group 
theory. 
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The smallest degree for which there exists a permutation group which 
has a character subgroup of prime index is 8 and only one of the two hun- 
dred groups of this degree has a character subgroup of prime index. This 
is the transitive representation on the smallest possible number of letters 
of the group of order 16 noted above. ' There is also only one group of 
degree 9 which has the property that it contains a character subgroup of 
prime index. ‘This is the group of order 27 noted above when it is repre- 
sented as a permutation group on the smallest possible number of letters. 
These statements, which can readily be verified, may serve to explain why 
the character subgroups failed to receive much attention in the early 
development of group theory, notwithstanding the simple definition of 
these subgroups and their interesting properties, especially when they are of 
small index. 

The study of the groups whose character subgroups are of composite 
index is somewhat more difficult than the study of those whose character 
subgroups are of prime index, but the study of the former can often be 
reduced to a study of the latter types of groups. When the character sub- 
group is of composite index it cannot always be assumed that the com- 
mutator subgroup is of prime order and this naturally increases the diffi- 
culty of considering all the possible cases that may present themselves. 
If the order of a dihedral group is divisible by 4 its character subgroup is 
of order 2 but all other dihedral groups have the identity for a character 
subgroup. The fact that in this theorem the term central may be sub- 
stituted for the term character subgroup suggests the close relations be- 
tween the concepts of central and character subgroup. The former of 
these subgroups is obviously always included in the latter, but it cannot 
be of prime index, since the central quotient group is always non-cyclic. 


1 This fact can easily be derived from a theorem by R. Baer, Compositio Math., 1, 267 
(1934). It was explicitly stated later by the present writer in these PROCEEDINGS, 29, 
240, (1943). 
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ON CONVEX TOPOLOGICAL LINEAR SPACES 
By GEORGE W. MACKEY 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 
Communicated September 9, 1943 


In an earlier note! the author introduced and discussed the notion of 
linear system. It is the purpose of the present note to apply this notion to 
the study of convex topological linear spaces.2 Let X be an abstract linear 
space. Let X* be the space of all linear functionals defined on X. With 
each convex topology ¢ in X we associate the subspace L of X* consisting 
of those linear functionals continuous with respect to ¢. In general, there 
will be many ?’s associated with a single L and we obtain in this way a 
natural many-to-one correspondence between convex topological linear 
spaces and linear systems. It is our purpose here to correlate the proper- 
ties of a convex topological linear space with those of its linear system and 
with the strength of its topology relative to that of the other convex 
topological linear spaces associated with the same linear system. 

Our principal tool is a reformulation of von Neumann’s’ observation that 
the topology of a convex topological linear space may be described by 
means of pseudo-norms. This reformulation, whose proof is a consequence 
of Fichtenholz’s‘ theorem on the relationship between norms and linear 
functionals, is as follows. Let L be an arbitrary total’ subspace of X*. Let 
& be any family of pseudo-norm sets which has the following three proper- 
ties. (a) For each two members of $ there is a third member of § which 
contains them both. (6) If a pseudo-norm set is contained in a member of 
& then it is itself a member of §. (c) The set theoretic union of all members 
of $isZ. Then there is a unique convex topology in X whose continuous 
linear functionals are precisely the members of {. Conversely, every 
convex topology in X associated with L may be obtained in this way. In 
other words, there is a natural one-to-one correspondence between the 
convex topologies associated with X, and the “‘ideals of pseudo-norm sets 
which span L.”’ 

As will be proved in the author’s forthcoming paper on linear systems, 
every finite dimensional subspace of an X* is a pseudo-norm set and the 
linear union of any two pseudo-norm sets is again a pseudo-norm set. Thus 
for any L the family of all pseudo-norm sets in L and the family of all finite 
dimensional pseudo-norm sets in L are both ideals which span L. Asan im- 
mediate consequence we have: 

THEOREM 1. Let L be an arbitrary total subspace of X*. Then the family 
of convex topologies in X associated with L not only is not empty but also con- 
tains a weakest member and a strongest member. 
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This theorem suggests the following definitions. A relatively weak (rela- 
tively strong) convex topological linear space is a convex topological linear 
space which has a weaker (stronger) topology than any other such space 
with the same linear system. Normed linear spaces in their weak topologies 
are relatively weak convex topological linear spaces and in their norm 
topologies are relatively strong convex topological linear spaces. Because 
of the latter fact one can regard the notion of relatively strong convex 
topological linear space as a natural generalization of that of normed 
linear space. Theorem 3 below is of interest in this connection. In general, 
of course, a convex topological linear space will be neither relatively weak 
nor relatively strong but on the other hand, may be both. 

The standard notion of boundedness® in topological linear spaces coin- 
cides in the convex case with the boundedness for linear systems intro- 
duced in “IDS.’”’ That is, if X is a convex topological linear space and L 
is its family of continuous linear functionals then a subset A of X is bounded 
if and only if l.u.b.,. 4) | 1 (x) | < o for each/in L. This has as an im- 
mediate consequence the fact that two convex topologies in X generate the 
same bounded sets if and only if their families of continuous linear func- 
tionals have identical bounded closures. Thus it is clear that not only are 
there, in general, many convex topologies with the same continuous linear 
functionals but also many convex topologies with different continuous 
linear functionals and the same bounded sets. These considerations lead at 
once to a proof of the following theorem and hence show that the converse 
of a certain theorem of Wehausen’ is not true. 

THEOREM 2. Let X be a convex topological linear space. Then every 
linear transformation from X to another convex topological linear space which 
takes bounded sets into bounded sets is continuous if and only if X is relatively 
strong and has a boundedly closed linear system. 

It follows from Theorem 2 and a slight extension of a theorem of We- 
hausen® that every metrizable convex topological linear space is relatively 
strong and has a boundedly closed linear system. The question as to which 
boundedly closed linear systems are such that their associated relatively 
strong convex topological linear spaces are metrizable is answered at once 
by the Birkhoff-Kakutani’ group metrizability criterion and we have: 

THEOREM 3. Let X be a convex topological linear space and let X_, be its 
linear system. Then X is metrizable if and only if it is relatively strong and 
L is the union of an ascending sequence of pseudo-norm sets. (Suchan L 1s 
automatically boundedly closed.) 

Thus given a linear space X there is a natural one-to-one correspondence 
between the metrizable convex topologies in X and the ascending sequences 
of pseudo-norm sets with total unions. It follows from a theorem in the 
theory of linear systems that such a union is a norm set if and only if all 
members past a certain one are identical. Thus the metrizable but non- 
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normable convex topologies correspond to the strictly ascending sequences. 
Using simple theorems about pseudo-norm sets it is possible to construct 
many examples of such sequences. 

As a consequence of Theorem 3 one may prove: 

THEOREM 4. A relatively weak convex topological linear space 1s normable 
if and only tf it 1s finite dimensional and 1s metrizable if and only if it 1s isomor- 
phic to a subspace of the space (s) of Banach.” 

A topological linear space X, being a topological group, has a natural 
uniform structure.!! Hence one may speak of its totally bounded sub- 
sets, its Cauchy directed systems, and of whether or not it is complete. 
It turns out that completeness in this sense is relatively rare and various 
authors have introduced several weaker notions which we shall now formu- 
late. X is C, complete if it is complete as a uniform structure with respect 
to the convergence of directed systems. X is C; complete if every closed 
and bounded subset is Cy, complete. X is C; complete if every closed and 
totally bounded subset is Cy complete. X is C, complete if it is complete 
as a uniform structure with respect to the convergence of sequences. X 
is 72 complete if every closed and totally bounded subset is bicompact. 
X is T; complete if every closed and totally bounded subset is compact. 
It is more or less obvious that for 7 = 2, 3 or 4, C; completeness implies 
C;_, completeness and that 7; completeness implies 7; completeness. It 
follows from the generalization to uniform structures of a well-known 
theorem on metric spaces’® that C,; completeness and 72 completeness are 
equivalent. Finally von Neumann* has shown that 7; completeness im- 
plies C, completeness. Thus the five possibly distinct notions of complete- 
ness among those described above may be arranged in order so that each is 
weaker than or equivalent to its predecessor. 

The principal theorems relating the completeness of convex topological 
linear spaces to their relative strength and to the properties of their linear 
systems are as follows. 

THEOREM 5. If i = 1, 2 or 3 and X 1s a C; complete convex topological 
linear space then X is C;, complete in every relatively stronger convex topology. 

THEOREM 6. If X is a C, complete convex topological linear space then the 
linear system of X 1s a complete linear system. 

THEOREM 7. If X;, 1s a complete linear system whose conjugate system is 
boundedly closed then every convex topological linear space associated with Xz, 
is C3 complete. , 

It is not known whether or not the converse of Theorem 7 is true. How- 
ever, the following partial converse may be proved. 


THEOREM 8. If X; 1s a regular linear system whose associated relatively 
weak convex topological linear space is C3 complete and if X,, is relatively 
bounded then the conjugate of X 1, 1s boundedly closed. 
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It is interesting to note that the truth of the strict converse of Theorem 7 
would imply that every linear system of the form X*x is boundedly closed 
and hence answer the measure theory question of Ulam mentioned in 
“TDS.” 

It is an obvious consequence of the definition that the linear system of a 
normed linear space is relatively bounded. Furthermore, it is readily veri- 
fied that a normed linear space is reflexive if and only if its linear system is 
complete and has a boundedly closed conjugate. Finally, for relatively 
weak convex topological linear spaces, bounded subsets and totally bounded 
subsets are identical!* so that C; completeness and 72 completeness are 
equivalent. Thus Theorems 7 and 8 have the following known corollary. 

THEOREM 9. For a normed linear space X the following are equivalent: 
(a) X ts reflexive. (b) X is C; complete in its weak topology. (c) X is T2 
complete in its weak topology. 

Wehausen" has pointed out that a 7; complete topological linear space 
need not be of the second category. The first statement of the following 
combined with Theorem 7 shows that this may be extended to C3; com- 
pleteness and furnishes a wide class of examples including Wehausen’s. 

THEOREM 10. If a convex topological linear space is of the second category 
then it is relatively strong and tts linear system is uniform. 

One may also prove: 


THEOREM 11. If X is a convex topological linear space of the second cate- 
gory whose linear system is almost relatively bounded then X 1s normable. 


1 Mackey, G. W., “‘On Infinite Dimensional Linear Spaces,” these PROCEEDINGS, 
29, 216 (1943). In the sequel we shall refer to this paper as “IDS” and shall use the defi- 
nitions and notations introduced in it without comment or explanation. 

2 By a topological linear space we mean a real linear space which is at the same time 
a T; space in the sense of Alexandroff and Hopf (Topologie I, J. Springer, Berlin, 1935) 
and in which the topology is related to the algebra in such a manner that the operations 
of addition and multiplication by reals are continuous in both variables together. By a 
convex topological linear space we mean a topological linear space in which every point 
has a complete system of neighborhoods each of which is a convex set. These notions 
have been introduced in slightly different ways by various authors. See Wehausen, J. 
V., “Transformations in Linear Topological Spaces,” Duke Math. Jour., 4, 157 (1938), 
for a discussion. Also see Whitney, H., ‘‘Tensor Products of Abelian Groups,’”’ Jbid., 5, 
518 (1939), footnote 22, for a discussion of a popular misconception. 

3 yon Neumann, J., ““On Complete Topological Spaces,’’ Trans. Amer. Math. Soc., 
37, 1 (1935). 

4 Fichtenholz, G., “Sur les fonctionelles linéaires, continues au sens généralisé,’’ 
Rec. Math. (Mat. Sbornik), N. S., 4, 192 (1938). 

5 Wehausen has shown that the family of continuous linear functionals on a convex 
topological linear space X is always total; that is, for each non-zero member of X there 
is a continuous linear functional which does not take it into zero, loc. cit., Theorem 8. 

6 See Hyers, D., “‘A Note on Linear Topological Spaces.” Bull. Amer. Math. Soc., 
44, 76 (1938), for statements of the two standard definitions of boundedness and a proof 
of their equivalence. 
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7 Loc. cit., Theorem 2. 

8 Loc. cit., Theorem 3’. 

® Birkhoff, G., “‘A Note on Topological Groups,” Comp. Math., 3, 427 (1936); 
Kakutani, S., ‘Ueber die Metrization der topologische Gruppen,” Proc. Im. Ac. Jap., 
12, 82 (1936). 

10 Banach, S., Théorie des opérations linéaires Warsaw, 1932, p. 10. By an isomor- 
phism between two topological linear spaces we mean an algebraic isomorphism which is 
at the same time a homeomorphism. 

11 For a discussion of the notion of uniform structure see Weil, A., Sur les espaces é 
structure uniforme et sur la topologie genérale, Hermann, Paris 1937. 

12 The theorem that a totally bounded metric space is complete if and only if it is 
compact. The generalization is essentially contained in G. Birkhoff’s proof that Cy 
completeness implies 7; completeness. Birkhoff, G., ““Moore-Smith Convergence in Gen- 
eral Topology,” Ann. Math., 38, 39 (1937). 

13 Various authors have proved this fact in special cases and the general case offers 
no new difficulties. 

14 Loc. cit., Theorem 15. 
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ParRT I. EXTENSION OF J. C. ADAMS’ TABLE ABOVE LOG, 7 


In the summer of the year 1938 the author began the computation of the 
Napierian logarithms of 11, 13, 17, 19, 23, 29 and 31 with the object of ex- 
tending J. C. Adams’ basic 273-place table! which gives the logarithms of 
the four prime numbers falling between 1 and 11. In the following spring 
these calculations were interrupted intentionally in order to carry out a 
prerequisite investigation? of the perfection of the published records of 
Adams’ constants. It was not until the early summer of the present year 
that the opportunity arose for effectuating the conviction that, aside from 
whatever intrinsic importance may attach to the project, the earlier spo- 
radic work had progressed so far and had involved so much labor that it 
deserved to be revived, definitively checked and made accessible to other 
arithmeticians. 

The calculations were usually performed with the aid of the formula 


In (a/8) = 2d {(« — p)"—""(a + B)~"*1(2m — 1)-1}. The composite 


numbers a and 6 were chosen to satisfy the simplifying condition a — B = 1 
and to contain as factors only the small prime numbers under consideration 
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In a few cases the expression 1 + 10 ? yields numbers fulfilling the latter 
condition. The evaluation of In (1 + 107%) is relatively easy because it 
consists chiefly in the transcription of the reciprocals of small integers and 
these often have short recurring-decimal periods. For example, In 11 = 
21n 10 — 21In3 + In (1 — 107°). 

The column headed 7 in table 1 gives the decimal place at which the 
particular approximation to In NV was terminated conformably to the con- 
dition that the error in the last figure should be numerically less than 4 
units. For illustration, the logarithms of the first three entries in the 
column headed N were less than the respective more extended values 


TABLE 1 
N a B=a-1 T 
11 9801 = 34-11? 23. 5?-72 262 
13 6656 = 29-13 5-113 244 
13 2482 = 27-19 11-13-17 262 
19 6860 = 2?-5-73 193 300 
23 10626 = 2-3-7-11-23 54-17 297 
29 7425 = 33-5?-11 28-29 302 
29 12122 = 2-11-19-29 17-23-31 293 
31 15625 = 5° 23-3?-7-31 293 


by 1.1, 2.9 and —3.5 units in the 262nd, 244th and 262nd decimal places. 
In 17 does not fit into this table. It was first given to at least 328 places in 
an earlier paper.” 

The following independent calculations were made this year. In 11 to 
nearly 330 D from In 2, In 3, In 5 and In (0.99) as formulated above. In 
13 to 292 D from In 2 + 2 In 3 + In 5 — In7 + In (1.001) — In (0.99). 
The discrete terms required for the evaluation of In (1.001) led at once to 
In (0.999) and hence to 292 D of In 37, since In 37 = 31n 10 — 31n3 + In 
(0.999). Similarly In 101 was derived from.2 In 10 + In (1.01) to about 330 
D. 

An omnibus check on the logarithms of 2, 3, 5, 11, 17, 19, 23, 29 and 31 is 
afforded by the two approximations to In 29. These two values were iden- 
tical as far as the 292nd decimal place, the value based upon a = 7425 
being greater than the other by 2.1 units of the 293rd place. In order to 
test simultaneously In 7, In 13 and In 37 the third one of these constants was 
computed from its equivalent 6 In 10 — 31n3 — In7 —1In 11 —In13+1n 
(0.999999). The two calculations accidentally gave numbers which were 
identical throughout the 292 places of decimals covered in both cases. 
Since 290 decimals extend beyond 273 places by the wide margin of 17 
figures, the practically perfect agreements in the cases of In 29 and In 37 
constitute additional confirmation of my table® * of terminal errors of J. C. 
Adams’ results for In 2, In 3, In 5, In 7, In 10 and the modulus M. Inci- 
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dentally the natural logarithm of the prime 9901 was immediately available 
from the data underlying the second calculation of In 37. More specifically 
In 9901 = 6 In 10 + In (1 + 10-*) — In 101 and In (1 + 10~*) is obtained 
as the difference between two positive sums of series terms which when 
added give — In (1 — 10-*), ie., — In (0.999999). The value of — In (1 
— 10-*) was found to be perfectly accurate through the 291st decimal place 
by forming the algebraic sum of the independently computed logarithms of 
1 — 10-* and 1 + 107‘ neither of which had been carried beyond the 292nd 
place. 

Although table 2 was not designed to extend beyond the 290th decimal 
place, nevertheless, for sake of preservation, several of the constants are 
recorded in it to as many places as my original calculations justified. 


TABLE 2 
loge 11= In 11l= 

2.39789 52727 98370 54406 19435 77965 12929 98217 06853 93741 
71752 18567 70913 05736 23913 23671 30750 54708 00263 47914 
14715 72588 81379 98522 25556 91585 95787 39535 53023 90801 
10806 50516 41906 68067 50965 89460 66793 79382 46669 05466 
38056 87286 99539 71661 60632 90270 01611 37003 06768 32876 
13032 03053 18941 40170 57619 51443 38363 81829 78552 27496 
92766 95044 70877 23320 84967 2869 


In 13= 
2.56494 93574 61536 73605 34874 41565 31860 48052 67944 76020 
71164 19045 51066 34646 67324 41017 93995 74663 44048 94887 
69258 19209 27627 21631 53215 44919 86587 01382 52681 16972 
29775 17836 97080 47756 20441 04565 90117 938899 94342 73959 
47399 27504 06138 96086 33400 55389 85298 09587 30794 11675 
80366 50118 75546 48994 70418 20286 02681 41950 


In 17= 

2.83321 33440 56216 08024 95346 17873 12653 55882 03012 58574 
47872 97237 73788 22925 75800 938128 09120 94868 03750 29475 
18348 26204 71870 57291 39759 28419 46738 36429 97545 65742 
02127 12599 13208 07209 04790 76471 68172 51666 60296 60850 
69091 96813 96134 51492 95164 19209 44718 69393 25481 33184 
68944 45037 58003 15646 02993 05896 37270 00327 36297 59273 
99414 82424 46984 21556 64224 3439 


In 19= 
2.94443 89791 66440 46000 90274 31887 85353 72373 79261 29912 
88185 37960 238640 92927 02064 19728 87141 58383 81573 98957 
97040 63322 07501 36349 02195 37906 81320 61126 46333 28537 
15643 14166 98613 78187 87130 14062 00072 09672 70164 72189 
06225 84808 84881 47724 01849 91065 39837 74424 92535 66419 
86124 83788 38520 86860 77295 97915 90976 72380 24863 1596 
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oo 


wo 


ae 


. 13549 


57419 
54197 
27532 
81850 
27302 


.36729 


40789 
45999 
61925 
73585 
13176 


.43398 


19717 
72976 
27045 
43825 
76862 


.61091 


61636 
81808 
02611 
19855 
21273 


-61512 


47499 
48461 
12623 
17599 
78641 
88607 


- 20039 
76301 
75254 
41088 
35321 
13311 
160 


42159 
98635 
21357 
98507 
53963 
39218 


58299 
21670 
58472 
88548 
63417 
93093 


72044 
56718 
93688 
52202 
83218 
66435 


79126 
44912 
95229 
49981 
41541 
35288 


05168 
31265 
17325 
54273 
37030 
95753 
84524 


10411 
89336 
72631 
80615 
97831 
20502 
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29149 
37748 
13301 
41826 
76031 
40357 


86474 
35164 
51668 
65592 
83877 
61830 


85146 
07247 
90398 
66130 
01055 
79840 


44224 
68119 
08956 
41622 
19834 
47290 


41259 
36170 
84189 
61284 
44195 
20437 
44510 


22514 
86473 
95266 
98075 
24054 
38127 


TABLE 2 (Continued) 


69080 
29932 
36895 
31471 
51205 
55913 


02718 
27807 
34726 
25938 
16117 
08901 


24592 
49814 
44814 
63121 
61369 
93734 


44436 
29897 
67385 
16423 
17631 
44554 


45088 
20118 
82054 
07024 
97241 
80739 
30865 


65355 
84353 
21899 
72570 
47251 
94051 


In 23= 


67528 
45984 
85872 
88086 
97403 
02511 


31810 
79829 
86350 
06985 
56185 
03374 


In 29= 


32720 
81137 
55830 
94492 
90912 
07554 


32361 
85233 
33111 
40291 
19923 
57942 


In 31= 


91643 
16597 
87054 
62119 
93182 
27098 


24542 
55123 
32143 
28859 
02665 
77925 


In 37= 


80956 
46990 
78157 
03807 
03772 
96265 


71031 
36106 
92984 
02308 
77745 
31841 


In 101= 


41982 
83602 
88979 
05871 
34826 
43466 
58470 


66912 
34387 
84536 
00411 
95594 
00030 
3058 


In 9901 = 


70835 
18389 
27347 
26143 
97838 
35954 


44526 
98176 
09888 
81908 
17483 
27321 


19611 
81984 
36337 
95650 
50700 
67096 


91160 
32933 
79184 
26511 
09932 
25974 


35721 
22138 
52712 
88191 
76228 
30215 


44716 
53990 
43954 
92316 
81986 
23252 


98915 
15046 
53314 
92814 
65644 
93398 


72942 
50449 
76345 
47871 
74253 
84514 


84423 
01092 
80457 
61305 
45138 
48063 


54945 
67114 
60754 
57790 
91700 
60636 


04499 
64831 
99977 
47468 
52163 
88461 


39000 
21533 
74651 
27251 
49879 
72474 


68908 
80106 
82458 
54233 
43722 
27531 


18823 
86829 
91607 
87781 
70759 
76001 
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80314 
15299 
54969 
14549 
07926 
03899 


12913 
81785 
32745 
06601 
80618 
88146 


38930 
33608 
68643 
78202 
51765 
86 


77587 
67216 
02120 
77371 
57152 


82587 
74195 
11107 
60460 
24317 
62861 


93154 
04600 
13139 
20317 
56788 
17826 


84043 
48143 
57964 
41206 
99439 


92274 
64226 
76975 
61839 
18630 
13706 


48059 
66305 
49161 
92206 
75119 


16763 
86607 
68891 
33653 
94877 


19760 
67578 
28164 
35324 
35071 
66884 


09871 
48200 
88680 
77635 
10327 
06029 
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Part II. SUPPLEMENT TO TABLE 4 OF THE MONOGRAPH! ON 137-PLACE 
VALUES OF LN (1 = 1-107?) 


At the time of preparing. the manuscript of the monograph in question 
the author finally had at his disposal two blank pages and these were then 
filled out completely with a collection of unpublished natural logarithms of 
his own computation. No attempt at tabular completeness was either at- 
tempted or professed. Recently while investigating the errors in 
Parkhurst’s® 100-place tables of common logarithms it was noticed that an 
excellent check® on the accuracy of the non-terminal portions of a complete 
table of logarithms of integers is afforded by comparison of the sum of the 
logarithms with the factorial of the greatest value of N involved. Considera- 
tions of the kind just suggested found concrete expression in the calcula- 
tion to more than 155 decimal places of the Napierian logarithms which are 
required for the completion of table 4 of the monograph for prime numbers 
lying between 1 and 101. The corresponding values of N are: 41, 48, 59, 
61, 67, 73, 79, 83 and 89. Since the logarithms given in table 4 were not 
prepared originally for a 155-place table it was also necessary to extend to a 
greater number of decimals the values printed in the monograph for NV 
equal to 47, 53 and 97. The results of this recent work are presented here- 
with in table 3. For sake of completeness and for the convenience of the 
user the values of In 47, In 53, In 71, In 97 and In (100!) have been trans- 
cribed in extenso in this table. 

The value of In (100!) was computed from the 25 natural logarithms of 
the prime numbers lying between 1 and 101 in conformity with the expo- 
nents of the product 2-348-524-7186. 119- 137-175-195. 234-298. 313-372-41?.- 
43?-47?-53-59-61-67-71-73-79-83-89-97 which is the equivalent of 100!. 
For comparison the previously published’ master value of In (100!), as 
obtained from Stirling’s series, was extended to about 165 decimal places. 
The value of In (100!) calculated from the 25 logarithms was greater than 
the series result by about 2 units in the 158th place of decimals. Conse- 
quently the author considers it quite justifiable to claim absolute freedom 
from error for the 155-place table of natural logarithms of primes falling 
between 7 and 101 which is fully covered by tables 2 and 3. 

TABLE 3 
In 41= 


3.71357 20667 04307 80386 67633 73037 40758 83764 10469 39930 
16336 19262 91025 99786 16405 65750 59623 17141 37198 68110 
37990 48939 53744 91846 75063 11642 35906 03925 40115 92439 
75910 50 


In 43 


3.76120 01156 93562 42347 28425 13345 84703 55591 36184 88155 
54151 91685 26492 28591 73872 98643 85375 91998 08399 72868 
97505 68036 80967 91547 75955 03819 10483 62058 12917 26532 
62783 P ; 
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res 


.85014 


40332 
56451 
58279 


. 97029 


76030 
42113 
16368 


.07753 


45295 
10443 
88905 


. 11087 


10629 
23472 
59939 


. 20469 


53371 
33962 
04238 


. 26267 


61081 
40946 
74924 


. 29045 


76645 
54031 
77229 


. 36944 


96254 
38302 
82630 


-41884 
63701 
27952 
54550 


76017 
00508 
57390 


19135 
48129 
82048 


74439 
12036 
87955 


38641 
37383 
89224 


26193 
37784 
19126 
P 


98770 
21425 
35034 


94411 
95698 
42440 


78524 
12171 
81749 


06077 
87943 
73806 
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10058 
34680 
10175 


52121 
47001 
10908 


05719 
69705 
58849 


73311 
64641 
26325 


90966 
13077 
46600 


41315 
80202 
57211 


48391 
85716 
13917 


67021 
11755 
58346 


96597 
46293 
34506 


TABLE 3 (Continued) 


58682 
68182 
10729 


83414 
80046 
63018 


45061 
92001 
62283 


24875 
94398 
70597 


05967 
52685 
14196 


42132 
73515 
12385 


12909 
17899 
21742 


49417 
98060 
52592 


92347 
85789 
29079 


In 47= 

09506 6977. 
13505 80107 
03275 .70616 


In 538 = 

44691 39029 
33943 48985 
33621 00776 


In 59= 

60503 73719 
14265 42747 
05125 71065 


In 61= 

13891 03425 
06844 94873 
96525 98303 


In 67= 

00719 96363 
05528 08689 
98720 64833 


In 71= 

94545 32513 
06824 23036 
45755 79963 


In 73 = 

21088 57438 
75920 59729 
12010 86046 


In 79= 

29455 41481 
61124 43227 
14701 54346 


In 83 = 

54722 23291 
89888 99060 
70222 33564 


17370 
26106 
43115 


05777 
85346 
77757 


69762 
73593 
19560 


61474 
11854 
37809 


72275 
66389 
27536 


03409 
59662 
96882 


54257 
32763 
87538 


41092 
81459 
68294 


37045 
58384 
85011 


88960 
89753 
00960 


03599 
59944 
11087 


40633 
39959 
03151 


63156 
29206 
50939 


05669 
14187 
36883 


67595 
43324 
06266 


09047 
29322 
49949 


21735 
40365 
97850 


30293 
27296 
83150 


Proc. 


50502 
43474 
58517 


77752 
48592 
88029 


46789 
80263 
84719 


81743 
10010 
53274 


32903 
82102 
18077 


76526 
27263 
76523 


52844 
83485 
37814 


41224 
77407 
73552 


13056 
97057 
08277 





N.A.S. 


02022 
59809 
33929 


91121 
12298 
39899 


33045 
37690 
48362 


08126 
37730 
77279 


22189 
54845 
54918 


71056 
51335 
92546 


87159 
88942 
99651 


42260 
96066 
19750 


66323 
34342 
05085 
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4.48863 
93641 
17288 
10057 


4.57471 
13559 
26950 
78413 


363 . 73937 
47276 
15773 
21393 


1 Adams, J. 


63697 
06697 
16622 


09785 
76234 
68064 


55555 
79448 
55972 
39800 
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32139 
57728 
67819 


03382 
36876 
83797 


63490 
87677 
29305 
973 


83831 
79538 
47143 


82211 
01772 
06627 


14407 
59444 
31198 
N 


In 89= 
78155 40669 
92779 45624 
10095 03443 


In 97= 
67216 21703 
91778 18712 
53799 13535 


In (100!) = 
99933 69655 
47979 01991 
01503 48915 


84921 
64470 
88022 


96171 
53422 
58959 


63802 
41010 
04259 


C., Proc. Roy. Soc. London, 42, 22-25 (1887). 


2 Uhler, H. S., Proc. Nat. Acad. Sct., 26, 205-212 (1940). 
3’ Uhler, H. S., Math. Tables and Aids to Comp., 1, 58 (1943). 


4 Uhler, H. S., Original Tables to 137 Decimal Places . . .. New Haven (1942). 
5 Parkhurst, H. M., Astronomical Tables Comprising Logarithms from 3 to 100 Decimal 


Places, New York (1876). 


6 Uhler, H. S., Math. Tables and Aids to Comp., 1, 121 (1948). 


7 Uhler, H.S., Proc. Nat. Acad. Sci., 28, 59-62 (1942). 


94046 
63551 
22658 


38089 
82745 
69188 


78239 
00241 
44052 


60387 
94947 
76701 


14902 
03427 
44527 


21062 
97254 
15183 
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13295 
57430 
87412 


65878 
45499 
30295 


88727 
93196 
63651 


Notice. Owing to the preoccupation of members of the NATIONAL ACADEMY OF 
ScrENCEs and of the NATIONAL RESEARCH COUNCIL with scientific aspects of the war 
effort, the manuscripts available for the October issue were so few that they were held 
over for this combined October-November number. 


It is not unlikely that from time 


to time similar combinations of numbers may be advisable, and it may not be possible 
always to give advance notice thereof. 

















